Abstract. The simulation of reactive energetic materials has long been the interest of researchers because of the important applications of explosives. Much research has been done on the subject at macro scale in the past and research at micro scale has been initiated recently. Equation of state (EoS) is the relation between physical quantities (pressure, temperature, energy and volume) describing thermodynamic states of materials under a given set of conditions. EoS also plays a significant role in determining the characteristics of energetic materials, including Chapman-Jouguet point and detonation velocity. Furthermore, EoS is the key to connect microscopic and macroscopic phenomenon in the study of energetic materials, when simulating the macro effects of an explosion. For instance, an ignition and growth model for high explosives uses two JWL EoSs, one for solid explosive and the other for explosive products, which are often obtained from experiments that can be quite expensive and hazardous. Therefore, it is ideal to calculate the EoS of energetic materials through computational means. In this paper, the EoSs for both unreacted and reacted β−HMX are calculated using molecular dynamics simulation with ReaxFF-lg. The microscopic simulation results are then compared with experiments, first-principles calculations, and the continuum ignition and growth model. Good agreement is observed. The EoS obtained through micro-scale simulation is then applied in a smoothed particle hydrodynamics (SPH) code to simulate the macro effects of explosions. Simulation results are compared with experiments.
INTRODUCTION
The EoS plays a significant role in determining the characteristics of energetic materials, including Chapman-Jouguet point and detonation velocity [1] . Furthermore, EoS is the key to connect microscopic and macroscopic phenomenon in the study of energetic materials. In addition, EoS is the foundation of many numerical models for high explosives. For example JWL++ model consists of two EoSs, one for solid explosive and the other for explosive products [2] . The two EoSs are mixed using a simple mixture rule. Similarly, ignition and growth model also consists of two JWL EoSs, one for solid explosive and the other for explosive products [3] . The difference is that in ignition and growth model, two assumptions (temperature equilibrium and pressure equilibrium) are introduced, which makes the mixture rule much more complex than JWL++ model. Both of the two models are widely used for numerical modeling of high explosives.
Molecular dynamics is a powerful tool to investigate many microscopic processes. In recent years, the detonation of high explosives has been explored much more profoundly with the introduction of reactive force fields (ReaxFF) in molecular dynamics [4] . Furthermore, Liu et al introduced an additional vdW-like interaction to ReaxFF, which enables ReaxFF to obtain the correct density of molecular crystals [5] . In the paper, both the unreacted EoS and reacted JWL EoS of β−HMX are calculated using ReaxFF-lg. Then, the calculated EoSs are compared with experiment [6] , DFT-D2 calculation [7] and EoSs in ignition and growth model. Good agreement is observed. Then, the calculated EoSs are applied in smoothed particle hydrodynamics (SPH) code to simulate the macro scale explosion of β−HMX.
MOLECULAR DYNAMICS SIMULATION

Structure and relaxation of β−HMX
We focus on the β-HMX (octahydro-1,3,5,7-tetranitro-1,3,5,7-tetrazocine), a typical secondary explosive with the chemical formula C 4 H 8 N 8 O 8 . The β-HMX used for molecular dynamics simulation is obtained from our previous DFT-D2 study [7] . The lattice constants of unit β-HMX are listed in Table 1 . The supercell of β-HMX consists of 64 β-HMX molecules, which contains 1792 atoms in total. The density of β-HMX before relaxation is  = 1893.4 kg/m 3 . Three ensembles (NPT, NVT, NVE) are used successively to relax the system. Each ensemble takes 50 ps. In the relaxation, the temperature is controlled at around 300K to prevent potential phase transformation. After relaxation, the volume of β-HMX is 16924.73 Å 3 ( = 1859.4 kg/m 3 , which is very close to the experimental value 1830 kg/m 3 [9] ) .
Hugoniot EoS of solid explosive
The Hugoniot EoS describes the locus of thermodynamics states of unreacted high explosives with shock wave passing through. In ignition and growth model [10] , the EoS for solid explosive is derived from the Hugoniot curve, which can be expressed as:
where A, B, r 1 , r 2 , and  are parameters fitted based on experiment data, C V is the specific heat of the solid explosive, T is temperature,  is specific volume, and p unreacted is the pressure of the compressed solid explosive. It can be seen that temperature is introduced in the expression, which differs from traditional EoS of solid explosive [2] .
The parameters of the unreacted JWL EoS of PBX 9501 are listed in Table 2 [10]. PBX 9501 is chosen because it consists of 95 weight % HMX, 2.5 weight % estane binder, and 2.5 weight % BDNPA/F. [10] . To obtain the unreacted EoS of β−HMX, a series of NVT simulations is conducted. According to Yoo [6] , the pressure-volume relation obtained under hydrostatic conditions should be in good agreement with Hugoniot curve. The simulation scheme is as follows: compress the β-HMX along a-direction of the supercell to a predefined volume and temperature, thus, for each set of volume and temperature, there is a corresponding pressure. In the implementation of each NVT simulation, the time step is set to be 0.1 fs and the total simulation time is 15 ps. The comparison of the calculated EoS by MD with experiment [6] , DFT-D2 [7] and unreacted JWL EoS of PBX 9501 [10] is shown in Fig. 1 .
It can be seen from Fig.1 that at 300K, the EoS calculated by MD is quite close to Yoo's experiment at high volume ratio (greater than 0.9). However, it gradually deviates from experiment when volume ratio is less than 0.9. In addition, the EoS calculated by MD is close to unreacted JWL EoS of PBX 9501 when volume ratio is greater than 0.7. Also it can be seen from Fig.1 that EoS obtained via DFT-D2 agrees very well experiment when volume ratio is greater than 0.68. There probably has been phase transformation when volume ratio is less than 0.68, which results in the difference between DFT-D2 and experiment. [6] , DFT-D2 [7] , and unreacted JWL EoS of PBX 9501 [10] . It should be noted that Yoo's experiment is conducted at room temperature and the DFT-D2 simulation is conducted at 0K.
Reacted JWL EoS of explosive products
Similarly, a series of NVT simulation is conducted to obtain the reacted JWL EoS of β−HMX. It should be noted that prior to NVT simulation, NPHUG [11] is used to compress the supercell of β−HMX to around 64 GPa. Afterwards, the system is expanded from compressed state using NVT ensemble. The simulation scheme is as follow: expand the β-HMX along a specific direction (a-direction of the supercell) to reach a predefined volume and temperature, thus, for each set of volume and temperature, there is a corresponding pressure. The time step is set to be 0.1 fs and the total simulation time is set to be 15 ps.
In the ignition and growth model [10] , the reacted JWL EoS of high explosives has a similar form as the unreacted JWL EoS:
where p reacted is the pressure of the detonation products. The other parameters have a similar meaning as those in Eq. (1). The parameters of the reacted JWL EoS of PBX 9501 are listed in Table 3 [10]. The calculated reacted JWL EoS of β−HMX is shown in Fig. 2 . It should be noted that the predefined temperature is 3000 K, which is close to the temperature of detonation products of PBX 9501 right after explosion. 
THE APPLICATION OF EOS'S IN SMOOTHED PARTICLE HYDRODYNAMICS
Smoothed particle hydrodynamics (SPH) is a mesh-free Lagrangian method excelling in the simulation of moving interfaces and large deformation [12] , which is common in high-velocity impact and explosion. The governing equations for hydrodynamics problems are Navier-Stokes equations. The standard Navier-Stokes equations consist of the following equations [12] :
where  is the density, e the specific internal energy,   velocity, and   the total stress tensor, which are all dependent variables. Independent variables are the strain rate tensor   , artificial viscosity , spatial coordinate x  and time t. is the chemical heat released in detonation, which plays a critical role in the buildup of shock wave and its transformation into detonation wave.
The two assumptions, temperature equilibrium and pressure equilibrium are implemented in the SPH code. Reaction rate can be described as follows:
where I, a, b , x, c, d, y , e , g, z, G 1 , G 2 ,  ig max ,  G1 max, and  G2 max are rate constants,  is the current density,  0 is the density of solid explosive, and  is the mass fraction of explosive products. The parameters [10] are given in Table 4 . 
The EoSs calculated from MD is fitted according to Eq. (1) using least squares, as shown in Fig. 3 .
(a) Unreacted JWL EoS (b) Reacted JWL EoS It can be seen from Fig. 3(b) that the fitted reacted JWL EoS almost coincides with EoS calculated by MD and reacted JWL EoS in ignition and growth model. For fitted unreacted JWL EoS as shown in Fig.3(a) , though the fitted unreacted EoS is very close to EoS calculated by MD, both of them deviate from unreacted JWL EoS in ignition and growth model. The comparison of fitted JWL EoSs parameters with original JWL EoSs parameters in ignition and growth model is listed in Table. 5. The fitted parameters are applied in a 1D SPH model. The 1D PBX 9501 bar is 0.02 m long, detonated from one end using shock. To apply the boundary condition, a symmetrical model is built, as shown in Fig.4 . The leftside model has exactly the same configuration except that the direction of x is set to be converse to that of the right-side model. In this case, particles are distributed uniformly and smoothing length of each particle is set to be 1.5 times the distance between two adjacent particles. x = 480 m/s, and the impact pressure is 3.4 GPa.
FIGURE 4. Configuration of 1D SPH model
The simulation results are shown in Fig. 5 . It can be seen that though the fitted JWL curves are quite close to original JWL EoSs, the simulation using two sets of parameters are very different. The explosive bar using fitted JWL parameters are detonated earlier than that using original JWL parameters. This is probably because that fitted unreacted JWL EoS does not approach original unreacted JWL EoS sufficiently. Since ignition and growth model is a fine tuned mathematical model, insufficient approximation of the original model will result in significant difference, as shown in Fig. 5 . 
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The comparison of calculated pressure histories with experiment are shown in Fig. 6 . It can be seen from Fig.6 that the calculated pressure history using original JWL EoS are much closer to experiment. The calculated pressure peak in Fig. 6(a) is around 40 GPa, matching experiment (~40 GPa). Furthermore, the calculated run-todetonation time in Fig. 6(a) is around 3.2 s, which is also very close to the experimental value of 3.4s [10] .
CONCLUSION
The unreacted EoS and reactive EoS of HMX is calculated using molecular dynamics with Reaxff-lg. The simulation results are compared with experiment, DFT-D2 and EoSs in ignition and growth model. Good agreement is observed between EoSs calculated by MD and EoSs in ignition and growth model. It is also found that temperature has much more influence on EoSs calculated by MD than on EoSs in ignition and growth model. Therefore, fitting of JWL EoSs parameters is based on curves calculated by MD at 300 K and 3000 K respectively. Then, the fitted EoSs are applied in 1D SPH code to test the feasibility. It is found that the simulation using original JWL EoSs produces much better results than that using fitted JWL parameters. It indicates that ignition and growth model is a fine tuned model. Insufficient approximation of the original model will result in significant difference.
